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The phase diagram of isotropically expanded graphene cannot be correctly predicted by ignoring either elec-
tron correlations, or mobile carbons, or the effect of applied stress, as was done so far. We calculate the ground
state enthalpy (not just energy) of strained graphene by an accurate off-lattice quantum Monte Carlo (QMC)
correlated ansatz of great variational flexibility. Following undistorted semimetallic graphene at low strain,
multideterminant Heitler-London correlations stabilize between '8.5% and '15% strain an insulating Kekule´-
like dimerized (DIM) state. Closer to a crystallized resonating-valence bond than to a Peierls state, the DIM
state prevails over the competing antiferromagnetic insulating (AFI) state favored by density-functional calcu-
lations which we conduct in parallel. The DIM stressed graphene insulator, whose gap is predicted to grow in
excess of 1 eV before failure near 15% strain, is topological in nature, implying under certain conditions 1D
metallic interface states lying in the bulk energy gap.
In graphene, which current technology strives to employ in
electronics, an insulating state does not naturally occur. Strain
engineering has long been considered as providing mecha-
nisms to pry open the symmetry-induced zero gap of the orig-
inal semimetallic graphene [SEM, see Fig. 1(a)] honeycomb
structure [1]. Among them, a nonisotropic three-directional
strain was suggested [2] and verified [1, 3–6] to introduce a
gauge field and a gap.
An insulating state could alternatively be achieved in
graphene by simple isotropic expansive strain. Experimen-
tally, indentation experiments suggested that graphene can
be isotropically stressed until mechanical failure near 22.5%
strain, corresponding to a tensile stress around 50 N/m [7]. No
evidence of structural or electronic transition occurring dur-
ing expansion was provided. Theoretically, idealized rigid-
honeycomb Hubbard model, quantum Monte Carlo (QMC)
calculations had long suggested [8–12] band narrowing and
increased effective electron-electron repulsion could push the
correlated pi-electron system towards an undistorted honey-
comb antiferromagnetic insulator [AFI, see Fig. 1(b)]. Spin-
polarized density-functional-theory (DFT) calculations [1, 13]
as well as rigid-lattice QMC simulations [14, 15] indeed sug-
gest a SEM-AFI crossing of total energies with a semimetal-
insulator transition around 8 − 10% strain. Alternatively,
isotropically stressed graphene could distort to form Peierls or
Kekule´-like dimerized [DIM, see Fig. 1(c)] states, discussed
by detailed DFT phonon calculations [16, 17] and by sym-
metry considerations [18], with a unit-cell size increase from
two to six carbons, and an electronic gap proportional to the
dimerization magnitude. The DIM distortion scenario is nev-
ertheless denied by spin-polarized DFT calculations where the
AFI state has lower energy than DIM.
All this work thus leaves the electronic and structural phase
diagram of isotropically strained graphene in a state of uncer-
tainty, on two separate accounts. First, the strong band nar-
rowing and increased role of strong electron correlations, im-
properly treated by DFT, calls for a novel QMC description
capable of describing real strained and deformable graphene,
a goal never attained so far. Second, the phase diagram under
stress must be obtained by comparing enthalpies, therefore in-
cluding the stress-strain term, rather than just total energies, as
was universally done so far. Because the stress-strain equation
of state is different for different phases, the correct phase dia-
gram will not be identical to that suggested by minimizing to-
tal energy alone. Here we implement accurate QMC enthalpy
calculations, reaching a highly instructive phase diagram for
isotropically strained graphene, that is found to differ from
that predicted by the best, spin-polarized, DFT.
Main QMC calculations were conducted based on a vari-
ational wavefunction (JAGP), known to be accurate and re-
liable in the description of strong electron correlations from
small molecules [19] to realistic crystalline systems [20],
ΨJAGP = J(r1, r2, · · · , rN)ΨAGP(r1σ1, r2σ2, · · · , rNσN), (1)
where ri and σi, for i = 1, · · · ,N, are the spa-
tial and the spin coordinates of the electrons. Here
J = ∏
i< j
exp
[
u(ri, r j)
]
is the Jastrow factor, symmetric un-
der all particle permutations, while the determinantal part
is the antisymmetrized geminal power (AGP): ΨAGP =
A f (r1, r2)χσ1,σ2 · · · f (rN−1, rN)χσN−1,σN , where A is the anti-
symmetrizer and the product f (r, r′)χ(σ,σ′) describes a sin-
glet valence-bond electron pair with an orbital-symmetric
function f (r, r′) and a spin-antisymmetric one χσ,σ′ =
1√
2
(δσ,↑δσ′,↓ − δσ,↓δσ′,↑). ΨAGP reduces to a Slater determinant
with a particular choice of the pairing function [21], imply-
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FIG. 1. (a) SEM honeycomb, semimetallic; (b) AFI honeycomb an-
tiferromagnetic insulator; (c) DIM dimerized Kekule´-like insulator;
(d) HEX distorted hexagonal insulator. There are two carbons per
unit cell in (a) and (b), six in (c) and (d). Following Ref. [18], tA, tB,
and tC schematically denote hopping integrals magnitudes.
ing therefore a description of the electron correlation better
than those based on any Jastrow-Slater ansatz [22]. The vari-
ational freedom contained in the ΨJAGP ground state naturally
permits a quantitative distinction between the spin and charge
correlations [23]. Parallel reference DFT calculations were
also performed with HSE6 exchange-correlation functional,
projector augmented-wave treatment of core levels [24] and a
plane-wave basis set [25] as implemented in the Vienna ab-
initio simulation package (VASP) [25, 26], with energy cutoff
of 600 eV.
All calculations [27] were conducted with Natom = 24 car-
bon atoms forming four six-atom unit cells of a planar de-
formable honeycomb lattice whose average interatomic spac-
ing a was successively expanded relative to the zero-stress
value a0. A fully accurate k−point average is obtained by
boundary-condition twisting.
Figure 2(a) presents the total energy gain of all ordered or
distorted states relative to the undistorted, semimetallic, non-
magnetic SEM state, E−ESEM, as a function of isotropic strain
 = (a − a0)/a0, from both diffusion Monte Carlo (DMC)
and DFT calculations. Figure 2(b) shows the DMC-calculated
tensile stress, yielding the 2D equations of state of expanded
graphene. In DFT, the AFI state [Fig. 1(b)] yields the lowest
energy above  ≈ 7%, and represents the ground state until
 ≈ 15%. Near 15% strain, DFT energetics predicts a Kekule´
DIM state [Fig. 1(c)] to take over very briefly from AFI, just
before turning itself unstable and leading to mechanical fail-
ure, in agreement with earlier DFT phonon calculations [17].
The more accurate DMC result shows instead that, while
both DIM and AFI states appear around  ≈ 10%, DIM has
the lowest energy for all increasing strains until failure. Ac-
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FIG. 2. (a) Ground state energy E relative to the SEM phase ESEM
obtained as a function of strain  by DMC in comparison with DFT
for the DIM, AFI, (HEX) phases. (b) Stress (σ)-strain () equation of
state curve for strained graphene obtained by fitting DMC energies.
Dashed lines mark the transition stress values σl and σu for SEM-
DIM (continuous). (c) Enthalpy H of strained graphene relative to
that of the SEM phase HSEM for increasing tensile stress σ. The
blue-shaded region indicates the error bars on the enthalpies for DIM
and AFI phases by DMC. Upper bounds of Eq. (2) for the DIM and
AFI enthalpies also shown (DIM UB and AFI UB) greatly reduce the
error bars. The corresponding strain  at selected points and phases
(indicated by arrows) are also shown.
curate DMC therefore suggests that the charge instability is
dominant over the spin, which is just the opposite of what the
reference DFT calculation suggested. In line with that, the
prevalence of DIM over AFI is reduced in the less accurate
variational Monte Carlo calculations [27].
In addition, the lowest energy will not predict the experi-
mental phase diagram, where isotropic strain  is obtained by
tensile stress σ. The equilibrium state under stress, rather than
energy, minimizes the enthalpy H(σ) = minS [E(S ) − σS ],
where σ = ∂S E(S ) with S the mean area. The stress-area
3term makes in principle all negative-stress states metastable,
as an infinitely large enthalpy gain can always be obtained
by breaking the lattice apart. A metastable stretched state of
graphene is, nonetheless, protected against failure by a large
barrier, connected with the positive slope of the area-stress
curve – the bulk modulus. A change of sign of that slope
signals the vanishing of the barrier, ushering in mechanical
failure.
In Fig. 2(b) the maximum strain is max ∼ 15% for the DIM
phase, actually close to that obtained in Ref. [17] by arbitrar-
ily ignoring spin. Interestingly, this stability limit of the DIM
phase coincides [Fig. 2(a)] with the prevalence within DFT of
a HEX phase of Fig. 1(c), an artificial state that foreshadows,
as it were, the real mechanical failure in a six-atom cell. The
structurally undistorted AFI and SEM phases have higher en-
thalpies and are ruled out at high stress [Fig. 2(b)] despite their
mechanical resilience, until about 20 % strain. The QMC-
calculated enthalpy of strained graphene, our main result, is
shown as a function of isotropic tensile stress in Fig. 2(c).
Obtained by evaluating the stress with polynomial interpola-
tion, the result is affected by a large statistical error (shaded
region), mostly due to the large uncertainty of the stress ob-
tained by fitting energy-area curves. With luck however, we
reduced this error by means of a rigorous upper bound, which
is obeyed by the enthalpy difference of any given phase from
the symmetric phase
H(σ) − HSEM(σ) 6 E(S ) − ESEM(S ) (2)
where S is the area corresponding to the stress σ in the sym-
metric phase. The upper bound is practically coincident with
the mean value, totally eliminating the error. The ground-
state phase diagram predicted by minimum enthalpy, Fig. 2(c),
shows that the SEM state for σ < σl = 25.1 N/m ( l = 8.5%)
is followed by a DIM distorted state for σl < σ < σu = 30.4
N/m ( u = 15%) where stability of the DIM phase is lost,
and mechanical failure ensues. Even though metastable AFI
and SEM phases still persist up to 20% strain, their real-
ization should imply an unphysical enthalpy rise. One may
therefore speculate that the difference between our calculated
mechanical failure point, and that extracted from indentation
(σ = 40− 50 N/m,  = 22.5%) should be attributed to the ab-
sence of realistic indentation details in our total uniform ide-
alized description.
We can finally characterize and understand the DIM state,
between 8.5 and 15% strain. The dimerizing distortion order
parameter of Fig. 3(a), defined as the difference between large
and small bond lengths, has the Peierls-Kekule´ symmetry of
Fig. 1(c) and appears to set in continuously, reaching ∼ 0.17
Å near the DIM stability limit l = 15%.
The above QMC results for ground state properties of
isotropically stressed graphene raise important physical ques-
tions. First, how and why do correlations stabilize the DIM
phase instead of the AFI preferred by DFT between ∼ 10 and
15 % strain? Second, what is the electronic gap of the insu-
lating DIM phase of the strained graphene? Third, is the DIM
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FIG. 3. (a) Graphene DIM (left axis) and AFI (right axis) order
parameters as a function of strain . The purple shaded area in the
vertical lines indicates a DIM-AFI coexistence region. The Heisen-
berg model limit is ' 0.54 µBohr [28]. (b) Correlation energy gain,
measured by the energy per atom difference between the single de-
terminant ansatz (Jastrow-Slater determinant wavefunction) and the
corresponding multideterminant JAGP wavefunction. The largest en-
ergy gain occurs in the DIM state, underlining its resonating valence-
bond nature, actually increasing for large strain . Small negative
values at small strain are finite-size effects. Inset: finite size scaling
of this correlation energy gain in the DIM state at  = 15%.
insulator topologically trivial or nontrivial and what conse-
quences does the answer entrain?
To the first point, the multideterminantal character of our
variational ansatz of Eq. (1), originally a paradigm for the
resonating valence bond (RVB) state [29, 30], is crucial for
the enhanced stability of the correlated DIM state. The Jas-
trow factor J partly projects out from the determinantal part
ΨAGP the single C-C molecular orbital (Mulliken) electron
pair term, which is largest in unstressed graphene but energet-
ically penalized by electron-electron repulsion under stress.
That favors the two-determinant C-C valence bond (Heitler-
London) term. All goes qualitatively as in the textbook two-
electron problem of strained H2 molecule. A black bond in
Fig. 1(c), with obvious notations, is the entangled combina-
tion of the two Slater determinants c†A↑c
†
B↓|0〉 and c†A↓c†B↑|0〉
between A and B, with zero double occupancies. By con-
trast, the uncorrelated Peierls molecular orbital wavefunction
(c†A↑+c
†
B↑)(c
†
A↓+c
†
B↓)|0〉 involves a larger double occupancy for
both sites, and a bad electron-electron repulsion. This many-
electron entangled wavefunction of the correlated DIM phase
contains a Jastrow factor acting on an exponentially large
4number of Slater determinants 2Ns/2, that appropriately penal-
izes the atomic configurations, where Ns is the total number
of singlet bonds.
To gauge the correlation energy gain permitted by our
ansatz, we show in Fig. 3(b) the correlation energy ob-
tained by the multideterminant ΨAGP over a single determi-
nant, still with the Jastrow factor. This difference is ob-
tained by projecting the pairing function f , for each twist
used, to the optimal fP obtained by restricting to the best
single determinant, calculated from the orthogonal eigenfunc-
tions [31] φi associated to the original pairing function f [i.e.,∫
dr′3 f (r, r′)φi(r′) = λiφi(r), where λi are the corresponding
eigenvalues] as fP(r, r′) =
∑N/2
i=1 λiφi(r)φi(r
′) with the largest
|λi| [32]. Since N electrons exhaust the occupation of the N/2
one particle orbitals φi, fP describes the corresponding Slater
determinant possessing maximum weight
∏
i |λi| in the multi-
determinant expansion of the AGP, as described in Ref. [32].
The small energy excess of this simpler wavefunction and the
full JAGP, computed by correlated sampling, measures the
multideterminant ”RVB” correlation energy gain. As shown
in Fig. 3(b), this correlation energy gain is negligible in both
perfect honeycomb structures, i.e., the poorly strained SEM
and the largely strained AFI phases. Conversely, it becomes
extensive (see inset) and growing with order parameter in the
DIM phase, which therefore becomes stabilized, rather than
the loser as in DFT. Stabilization of the DIM phase can be at-
tributed to superexchange energy that is poorly treated within
DFT.
To the second point, the electronic gap and the difference
between charge and spin gaps is not directly obtainable by a
QMC ground state calculation, but we get an order of mag-
nitude from DFT, where the DIM electronic Kohn-Sham gap
grows from zero at 8.5% strain to about 1.1 eV at 15% [27]
To the third point, we note that adiabatic continuity be-
tween the strongly correlated DIM state and the uncorrelated
Kekule´ state discussed in literature [18, 33, 34] implies the
DIM insulating state of strained graphene is topologically
nontrivial, unlike the AFI or HEX states. With reference to
Fig. 1 (one-electron tight-binding is sufficient for this pur-
pose), the bond dimerization of the DIM phase corresponds
to |tC | > |tA| = |tB|, while the HEX phase to |tC | < |tA| = |tB|.
The nontrivial nature of the DIM phase is protected by the
sublattice (chiral) symmetry and the mirror symmetry along
a bond [33]. While this fact has no special consequences in
infinite perfect 2D graphene strained into the DIM phase, it
will, as in other topological insulators [35], show up at inter-
faces and defects, which can support a topological state ener-
getically placed inside the dimerization gap. As a demonstra-
tion of that, we present a model tight-binding DIM-HEX two-
phase coexistence with the zigzag interface under periodic-
boundary conditions [Fig. 4(c)]. Its electronic structure in
Fig. 4(a) shows topological states, with their characteristic
gapless modes crossing the Fermi level, localized at the two
DIM-HEX interfaces. This is in contrast to a model DIM-
AFI interface [Fig. 4(d)] where no gapless interface states ap-
(d)
(c)(b)(a) DIM-HEX DIM-AFI
DIM
DIM HEX
AFI
d
d
En
er
gy
 (t
)
Momentum (π/d) Momentum (π/d) W1 = 3 W2 = 321 1 2
FIG. 4. Tight-binding band structures of systems with zigzag in-
terfaces between (a) DIM and HEX phases and (b) DIM and AFI
phases. The vertical axis is the single-particle excitation energy rel-
ative to the Fermi level and the horizontal axis the momentum par-
allel to the interface. The parameters (tA, tB, tC) are assumed to be
(0.95t, 0.95t, 1.05t) for DIM, (1.05t, 1.05t, 0.95t) for HEX, and (t, t, t)
for AFI. The hopping integrals connecting the two phases are set
equal to t. The magnitude of the gap in the AFI phase is set equal
to that of the DIM phase, as indicated by the shaded area in (a) and
(b). The intragap interface modes are highlighted with thick magenta
lines in (a). Schematic figures of the calculated interface between (c)
the DIM and HEX phases and (d) the DIM and AFI phases. The
dotted-vertical line in (c) and (d) indicates the zigzag interface, and
the shaded area the unit cell. The size of the unit cell is determined
by the widths W1 and W2 of the two phases, indicated in the bottom
of (d), and the vertical length d. The calculations in (a) and (b) are
for W1 = W2 = 50. The system as a whole lies on a torus.
pear [Fig. 4(b)]. This difference is simply understood because
the DIM-HEX system preserves the two symmetries described
above but the DIM-AFI system does not. Although the bulk
single-particle gap increases with the electron correlations,
these topological features remain qualitatively the same be-
cause of adiabatic continuity.
The impact of increasing electron correlations in isotrop-
ically and uniformly strained graphene, calculated by QMC
simulations with an accurate variational wavefunction, is in
summary predicted to be nontrivial. The phase diagram dic-
tated by minimizing enthalpy under increasing stress predicts
the sequence: SEM-DIM-failure, different from the best spin-
polarized density-functional predictions. Large electron cor-
relations stabilize the DIM phase, schematized in Fig. 1(c), in
the 8.5-15% tensile strain range corresponding to 25-31N/m
stress range. Roughly speaking, dimerization freezes Paul-
ing’s resonating valence bond, a state which fluctuates in the
honeycomb spin-liquid state as described, e.g., by Ref. [9],
into a valence-bond solid, realized by a Kekule´-like phase that
breaks translation invariance. Remarkably this effect was very
recently observed in a lattice model of bilayer graphene [36].
The DIM phase possesses a stress-dependent order parame-
ter and a correspondingly increasing electronic gap. In corre-
spondence with the predicted continuous SEM-DIM transition
the mechanical impedance of graphene should exhibit a dissi-
pation singularity. Electronically, the graphene DIM insula-
5tor is topological, implying protected intragap states localized
around defects with peculiar symmetry properties, including
topological 1D Dirac states at grain boundaries and disloca-
tions. Our predicted 15% failure strain is somewhat smaller
than the 22.5% reported by experimental indentation studies,
possibly due to the role of nonuniformities in indentation me-
chanics, absent in our so far totally uniform calculations. The
onset of the DIM structural deformation and of an electronic
gap which DFT estimates in the order of about one eV at fail-
ure, as well as of topologically related defect states in this
gap could be used in the future to detect spectroscopically this
novel state of strained graphene.
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*Density-functional-theory calculation First principles calculations were carried out within density-functional theory (DFT)
based on the projector-augmented-wave method [24] and a plane-wave basis set [25] as implemented in the Vienna Ab-initio
Simulation Package (VASP) [25, 26]. Exchange and correlation were treated with the hybrid HSE functional [37] known to
perform well for carbon materials and even for small gap semiconductors [38]. For bulk and lattice constant calculations an
energy cutoff of 600 eV for the plane wave expansion and a Monkhorst-Pack k-point mesh [39] with 21×21×1 points (before
symmetry operations application) were used. For both uniform expansion and dimerized configurations a six atoms orthorombic
supercell was used. In the calculations of the dimerized and hexagonal phases all atoms were allowed to relax until the residual
forces were smaller than 10−3 eV/Å. For electronic convergence an energy variation criterion was uses with a threshold of
10−7 eV.
QUANTUMMONTE CARLO CALCULATION
The Jastrow-AGP ansatz used in this work [Eq. (1) in the main text] was indeed proposed by P. W. Anderson to describe the
Pauling’s RVB[30], in particular the benzene molecule. This is very simple to understand by modeling this molecule with a 6-site
Heisenberg model on a ring, with a spin 1/2 pi−electron on each site of the lattice. In this case the 6pi−electrons wavefunction,
in second quantized form, reads:
ΨJAGP = PG exp
 6∑
i, j=1
fi, jc
†
i↑c
†
j↓
 |0〉 (3)
where c†i,σ creates an electron with spin σ on the lattice sites i = 1, · · · 6 and PG is the Gutzwiller projection, a simplified version
of the Jastrow correlation, that in this case projects out configurations with two electrons with opposite spins in the same site. By
taking a pairing function fi,i+1 = 1 = fi+1,i and otherwise zero, the rotational symmetry of the model is not broken by the ansatz.
It is then simple to realize that, after applying the Gutzwiller projection to this particular pairing function f , we obtain exactly the
two Kekule’ valence bonds with the same amplitude, as a general property of the so called short-range RVB (nearest-neighbors
atoms singlet pairing) described in details in Ref. [40]. On the other hand by breaking the symmetry of the pairing function,
one can favor one of the two structures, that in the Heisenberg model is not energetically favorable. In the realistic calculation
of benzene the same effect was found in the first application of the Jastrow AGP wavefunction [19] where the RVB energy was
found lower than the broken symmetry pairing function, corresponding to a dominant Kekule structure.
In the realistic calculation of graphene, we expand the two pairing functions f (r, r′) and u(r, r′) defining the variational
wavefunction ΨJAGP, over a finite localized basis set (5s3p1d for f and 3s2p for u), and minimize the total energy by the
simultaneous optimization of the Jastrow factor and the determinantal part, within a consistent stochastic approach [41]. The
Jastrow factor is initialized by the uncorrelated limit J = 1, whereas the initial determinantal part ΨAGP is obtained by using
the DFT with the local-density or the local-spin-density approximations (LSDA). The initial trial atomic positions are generated
by scaling the undistorted equilibrium ones by a fixed factor ranging from 1 to 1.25. Standard pseudopotentials [42] are used to
remove 1s core electrons, as they do not affect the chemical bond. Moreover, when AFI phase is studied, the pairing function is
no longer symmetric [43], as in this way we can describe also the unrestricted Slater determinant of an LSDA calculation, that
we use to initialize the optimization of our ansatz.
In most calculations we consider 24 carbon atoms in an orthorombic supercell with rectangular basis, whereas for the size
scaling of Fig.3b (main text) we use also 12, 36, 48, and 96 carbon supercells. In order to minimize finite-size effects, we adopt
the twist-averaged-boundary conditions [44–46] in the x and y directions with averaging over a 6× 8 Monkhorst-Pack grid [39],
whereas in the z direction, we adopt simple periodic-boundary conditions with a very large distance (300 Bohrs) between the
graphene images. In order to minimize the number of variational parameters and achieve a faster and smoother convergence in
2the thermodynamic limit, the pairing function is parametrized with a given set of variational parameters, with the same values
for all different twists, as discussed in Ref. [47]. Obviously this choice provides an higher energy than optimizing independently
each twist with different variational parameters, but this residual gain should obviously vanish in the thermodynamic limit,
because a given twist cannon change the energy in an extensive way. However this effect can explain why in a finite size
calculation, the multideterminant energy gain shown in Fig.3b of the main text, a non negative quantity in the thermodynamic
limit, could be slightly negative.
We verified that,with this setup, in the 24 carbon supercell, the graphene structure is in exact agreement with experiments,
with a lattice constant of a0 = 1.414 Å, and a perfectly isotropic honeycomb lattice, despite the rotational symmetry breaking
boundary conditions. The number of variational parameters is reduced by exploiting translation symmetry for this system. In
our 24 atom supercell three cases are possible: i) the standard unit cell with two identical atoms; ii) the same unit cell, now with
AFM polarization of the two atoms; iii) a larger unit cell with six atoms, compatible with all allowed lattice distortions predicted
by the Frank-Lieb theorem [18]. In all cases, we first optimize energy, by relaxing all variational parameters defining the
Jastrow factor and the determinantal part, together with the atomic positions within the constant-volume (and shape) supercell
simulation. The optimization of the atomic positions is done with an efficient method based on the covariance-matrix of the
nuclear forces, which allows us to determine their equilibrium positions efficiently and accurately [48]. We also employ lattice-
regularized diffusion Monte Carlo (DMC) within the fixed-node approximation, using a lattice mesh of amesh = 0.2, 0.3, and
0.4, respectively, and extrapolated the results for amesh → 0 in the standard way. The fixed-node approximation is necessary for
fermions for obtaining statistically meaningful ground-state properties. In this case the correlation functions/order parameters,
depending only on local (i.e., diagonal in the basis) operators, such as the ones presented in this work, are computed with the
forward walking technique [49], which allows the computation of pure expectation values on the fixed-node ground state.
THERMODYNAMIC PHASE DIAGRAM OF GRAPHENE UNDER TENSILE STRAIN WITH VARIATIONAL MONTE CARLO
Figure S1 shows the results of the thermodynamic phase diagram by the variational Monte Carlo (VMC) method. As shown
in Fig. S1c, the VMC shows that the AFI phase is stabilized for σ & 31.7N/m, while the DMC does not, as shown in Fig. 2
of the main text. This implies that the AFI phase is very unlikely because with a better accuracy the AFI phase is less stable.
Moreover, the enthalpy gain of the DIM phase by the DMC is more enhanced than the VMC. All these findings consistently
indicate that the main aspects of our phase diagram should be essentially robust against further improvements in the description
of the correlation energy.
Close to  = 15%, there may be some very tiny region with coexistency between DIM and AFI phases. However, the energy
difference between the two phases is smaller than our resolution, limited by the statistical errors. Also, the small order parameter
obtained at  = 5% for the DIM state could be removed by a more accurate optimization, that we cannot afford with QMC, as
too many iterations with high statistical accuracy are required.
SINGLE-PARTICLE GAP
Figure S2 shows the single-particle gap as a function of the strain for SEM, AFI, DIM, and HEX phases obtained by DFT.
BOND LENGTH
Figure S3 shows the carbon-carbon distance on the short and long bonds (bond length) for DIM phase obtained by VMC and
DFT.
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FIG. S1. (a) Total energy E relative to the SEM phase ESEM as a function of strain  obtained by DFT and by VMC for the DIM, AFI,
and HEX phases. (b) Stress (σ)-strain () curve for graphene obtained by VMC. Dashed lines mark the transition stress values σl and σu for
SEM-DIM (continuous) DIM-AFI (discontinuous), AFI-failure. (c) The enthalpy H relative to the SEM phase HSEM as a function of tensile
stress σ. The blue- and red-shaded regions indicate the error bars on the enthalpies for DIM and AFI phases by VMC. The upper bounds of
the relative enthalpy for the DIM and AFI phases are also shown (DIM UB and AFI UB) with much smaller error bars. The corresponding
strain  for the several selected points (indicated by arrows) are also shown.
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FIG. S2. The single-particle gap as a function of the strain for SEM (red circles), AFI (green squares), DIM (blue triangles), and HEX
(black-inverted triangles) phases obtained by DFT.
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FIG. S3. The bond lengths for DIM phase obtaind by VMC (regular and inverted triangles) and DFT (circles and squares).
